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We propose a form of spontaneous symmetry breaking driven by zero-point quantum fluctuations.
To be specific, we consider the low-energy dynamics of a mixture of two species of spin-1 Bose gases.
It is demonstrated that the quantum fluctuations lift a degeneracy regarding the relative orientations
of the spin directors of the two species, and result in correlation or locking between these macroscopic
variables. This locking persists in the presence of the trapping potential and weak magnetic fields,
allowing, in principle, an experimental probe of this correlated spontaneous symmetry breaking, as
a macroscopic manifestation of zero-point quantum fluctuations.
PACS numbers: 03.75.Mn, 03.75.Kk, 67.85.Fg
I. INTRODUCTION
Spontaneous symmetry breaking is a central concept
in all of physics [1]. The quantum collective phenomena
induced by zero-point motion of dynamical variables are
also ubiquitous [1–5] and the dynamics governed by the
quantum fluctuations of the collective degrees of free-
dom are extremely important for our understanding of
macroscopic emergent phenomena [6]. In this paper we
demonstrate a different type of spontaneous symmetry
breaking, namely, one in which the macroscopic vari-
ables of two interacting many-body systems are locked
together through microscopic zero-point quantum fluctu-
ations. We frame our theory in the context of spinor Bose
gases [7–10], where quantum fluctuations can be domi-
nating in energetics or dynamics and are highly control-
lable [11–15]. Specifically, we consider a mixture of two
spinor Bose gases with interspecies spin exchanges [16–
19] and show that in the symmetry-breaking ground
state, the spin directors of the two gases are locked to-
gether by the zero-point quantum fluctuations. The spin
director is the spin direction modulo Z2 symmetry due
to the compensation of the inversion of the spin direc-
tion by a π phase transformation [20]. Our results give
more motivation to study interspecies spin exchanges in
mixtures of different spinor Bose gases [16–19], which are
under experimental investigation [21].
This article is organized as follows. In Sec. II we define
the many-body Hamiltonian, and discuss the mean-field
theory. In Sec. III we consider quantum fluctuations and
find the energies in the Bogoliubov theory. In Sec. IV
we investigate the fluctuation-induced locking between
the directors of the two species. The fluctuation-induced
spin dynamics is discussed in Sec. V. In Sec. VI we discuss
how the locking effect survives a trapping potential or
an external magnetic field. Finally, we summarize our
∗ yushi@fudan.edu.cn.
investigation in Sec. VII.
II. HAMILTONIAN AND MEAN FIELD
THEORY
The many-body Hamiltonian we apply to study this
problem is
H =
∑
α=a,b
Hα +Hab, (1)
Hα =
∫
drψ†αµhα(r)µνψαν
+ 12
∫
drψ†αµψ
†
αρ(c
α
0 δµνδρσ + c
α
2Fαµν ·Fαρσ)ψασψαν
is the Hamiltonian of species α. Here hα = − h¯22mα∇2 +
Vα(r) is the spin-independent single-particle Hamiltonian
of each atom of species α, cα0 is the intraspecies density-
density interaction strength of species α, cα2 is the in-
traspecies spin-exchange interaction strength of species
α, and ψαµ represents the field operator for the µ compo-
nent of species α, with α = a, b and µ = −1, 0, 1 or x, y, z,
depending on the basis used. For the case of µ = x, y, z,
the η component F ηµν of Fµν is −iǫηµν , where ǫηµν is the
Levi-Civita` antisymmetric tensor [22]. In addition,
Hab =
∫
drψ†aµψ
†
bρ(c
ab
0 δµνδρσ + c
ab
2 Faµν ·Fbρσ)ψbσψaν
is the interaction between the two species, with cab0 the
interspecies density-density interaction strength and cab2
the interspecies spin-exchange interaction strength. Re-
peated indices are summed over. We focus on the regime
of ca2 > 0, c
b
2 > 0 and c
ab
2 > 0 and assume that
ca2c
b
2 > (c
ab
2 )
2.
The three-component vector field ψα of the species α
can be written as
ψα = Φαnα, (2)
2where nα is the spin director , which is also a three-
component vector, and
Φα ≡ √ραeiχα ,
where
ρα = ψ
†
αµψαµ
is the number-density operator. In terms of ρα and the
spin-density operator
Lα = ψ
†
αµFαµνψαν ,
the Hamiltonian can be rewritten as
H = Hp +Hs, (3)
where
Hp =
∑
α=a,b
∫
dr[ 12mα |∇Φα(r)|2 + Va(r)ρα(r)
+ 12c
α
0 ρ
2
α(r)] +
∫
dr[cab0 ρa(r)ρb(r)]
is the phase part,
Hs =
∑
α=a,b
1
2
∫
dr[ρα(r)|∇nα(r)|
2
mα
+ cα2L
2
α(r)]
+
∫
dr[cab2 La(r) · Lb(r)]
is the spin part, and a spin-phase coupling part is negligi-
ble in the long-wavelength limit or when Lα = 0. Hence
the phase and spin degrees of freedom are decoupled and
are described by the collective variables {ρα(r), χα(r)}
and {nα(r),Lα(r)}, respectively. Here Hp simply de-
scribes a mixture of two scalar Bose gases, and is inde-
pendent of the relative orientation of na and nb. Hence-
forth we focus on the spin part Hs.
First consider the uniform case Va = Vb = 0. In the
ground state, ρa and ρb are both constants and the total
energy
E =V(12ca2L2a + 12cb2L2b + cab2 La · Lb
+ 12c
a
0ρ
2
a +
1
2c
b
0ρ
2
b + c
ab
0 ρaρb), (4)
where V is the volume of the system. Minimization of E
implies that in the ground state, Φa, Φb, na and nb are
all position independent, while La = Lb = 0, implying
that the total spin is also 0. The mean-field ground state
is |Na,na〉⊗|Nb,nb〉, where each species is in its own spin
nematic state uncorrelated with the other species. Here
|Nα,nα〉 denotes the state in which the spin director of
each atom of species α is aligned along the direction of
nα. There are no constraints on na and nb, hence the
ground state manifold becomes S
1×S2
Z2
⊗ S1×S2Z2 , which
possesses a huge degeneracy.
III. QUANTUM FLUCTUATIONS
In the following we show that this degeneracy is lifted
by zero-point quantum fluctuations. Denoted by n0a and
FIG. 1. The diagram on the left shows a typical mean-
field configuration of the two nematic vectors n0a = ez and
n0b = ez′ , with an arbitray angle θ. The diagram on the right
shows the small fluctuation uz around n
0
a. The fluctuation ub
of nb in the x
′y′z′ frame is similar. The coordinate systems
are set such that ey = ey′ .
n
0
b , the spin directors of the two species in a mean-field
symmetry-breaking ground state satisfy the relation n0a ·
n
0
b = cos θ. Let us arbitrarily set n
0
a = ez , n
0
b = ez′ and
ez · ez′ = cos θ, as depicted in Fig 1. The degeneracy
implies that θ is arbitrary. The range of θ is limited to
−π/2 ≤ θ < π/2 because of Z2 symmetry.
Consider
nα = n
0
α + uα, (5)
for α = a, b, where quantum fluctuations are
ua ≃ ψax√
ρa
ex +
ψay√
ρa
ey,
ub ≃ ψbx√
ρb
ex′ +
ψby√
ρb
ey,
with unit vectors ex, ey, and n
0
a forming a Cartesian
coordinate system with ex′ , ey, and n
0
b forming another
one, as shown in Fig. 1. We find that
Hs =
∑
i=x,y
Hsi, (6)
where
Hsi =
∑
α,k
k2
2mα
ψ†αi,kψαi,k +
1
2c
α
2 ρα
∑
α,k[2ψ
†
αi,kψαi,k
− (ψ†αi,kψ†αi,−k +H.c.)] + cab2
√
ρaρbζi(θ)∑
k
(ψ†ai,kψbi,k − ψ†ai,kψ†bi,−k +H.c.), (7)
written in terms of momentum k, with k ≡ |k|, ζx(θ) =
cos θ, and ζy(θ) = 1. Here Hsi depends only on ψαi, Hsx
depends on θ, and Hsy is independent of θ.
3By performing a Bogoliubov transformation, one ob-
tains
Hsi =
∑
λ=±,k
ωiλ,k(A
†
iλ,kAiλ,k +
1
2
), (8)
where Aiλ,k is some Bosonic operator and
ω2i±,k =
1
2
(
ǫ2ak + ǫ
2
bk ± [(ǫ2ak + ǫ2bk)2 − 4EakEbk(4gagb
− 4g2abζ2(θ) + 2gaEbk + 2gbEak + EakEbk)]1/2
)
,
(9)
with Eαk ≡ k22mα , ǫ2αk = E2αk + 2gαEαk, gα ≡ cα2 ρα, and
gab ≡ cab2
√
ρaρb. Note that ωx±,k depends on both gab
and θ, while ωy±,k depends on gab but is independent of
θ.
IV. FLUCTUATION-INDUCED LOCKING
According to the spectra of Hsx and Hsy obtained
above, we know that the quantum fluctuations lead to
a θ-dependent zero-point energy
E0(θ) = E0(θ) + E0(θ = 0), (10)
where on the righthand side, the first term E0(θ) is the
zero-point energy of Hsx, with
E0(θ) =
1
2
∑
k
Ωk(θ), (11)
where
Ωk(θ) ≡ ωx+,k + ωx−,k
=
[
ǫ2ak + ǫ
2
bk + 2E
1/2
ak E
1/2
bk (4gagb − 4g2ab cos2 θ
+2gaEbk + 2gbEak + EakEbk)
1/2
]1/2
, (12)
which reaches its minimum at θ = 0. The second term
E0(θ = 0) on the righthand side of (10), which is θ-
independent, is the zero-point energy of Hsy .
Hence the total zero-point energy E0(θ) also reaches
its minimum at θ = 0. Therefore, in the ground state,
n
0
a and n
0
b are actually locked in the low-energy limit,
that is, they tend to align in the same direction. This
is in contrast to what was suggested by the mean-field
analysis.
For large k, the θ-dependent part of Ωk behaves as
− g
2
abmamb
k2(ma +mb)
cos2 θ +O(
g4ab
k6
),
thus the θ-dependent part of the energy has ultraviolet
divergence. This divergence originates from the use of
contact interaction, which fails at short range or large
momentum. It can be removed by introducing a mo-
mentum cutoff or by the renormalization of interaction
strengths, that is, by evaluating the ground-state en-
ergy in terms of the renormalized quantities cab0,r and c
ab
2,r,
which are directly related to the experimentally observed
scattering lengths and correspond to the bare quantities
cab0 and c
ab
2 respectively.
It is known that cab0 =
2U2+U0
3 and c
ab
2 =
U2−U0
3 , where
U0 and U2 are the interaction strengths for the total spin
F = 0 and 2 channels, respectively [17]. Accordingly
cab0,r = (2U2,r + U0,r)/3 and c
ab
2,r = (U2,r − U0,r)/3, with
UF,r = lim
k→0
〈k′, F |Tˆ |k, F 〉,
with k = |k| = |k′|, given by the zero-energy Tˆ -matrix
element for two-body scattering [23]. The Lippman-
Schwinger equation reads
Tˆ = UˆF + UˆFG0Tˆ ,
with UˆF = UF δ(r) is the two-body potential and
G0(k) = −2M
k2
,
where
M ≡ mamb
ma +mb
,
is the zero-energy Green’s function for the relative motion
of atoms a and b. Consequently, 1UF,r =
1
UF
+
∫
d3k 2Mk2 .
Since the divergence occurs in the second order of inter-
action strengths, we expand the above formula to second
order and obtain
UF = UF,r + U
2
F,r
∫
d3k
2M
k2
.
Therefore,
cab0 =
2U2 + U0
3
=
2U2,r + U0,r
3
+
2U22,r + U
2
0,r
3
∫
d3k
2M
k2
= cab0,r + [(c
ab
0,r)
2 + 2(cab2,r)
2]
∫
d3k
2M
k2
, (13)
which is essential for the cancellation of the divergence.
Renormalization effect should be considered for all the
terms of cab0 and c
ab
2 , including those in the mean field
energy, in fluctuations of Hp and Hs. In the mean field
energy, by substituting (13) for cab0 ρaρb in the mean field
energy, it can be seen that it becomes cab0,rρaρb after the
(cab0,r)
2 term cancels the divergent term in the Bogliubov
ground state energy of Hp, while (c
ab
2,r)
2 term cancels the
divergent (cab2 )
2 terms in E0(θ), with exact cancellation
at θ = 0.
Therefore, the zero-point energy E0(θ) should be regu-
larized by using
E0(θ) =
V
2
∫
d3k
(2π)3
[Ωk(θ)− ∂Ωk(θ)
∂g2ab
g2ab], (14)
4where the summation has been replaced with an integral.
It can be shown that after the substraction, ∂E0∂θ |θ=0 = 0
and ∂
2E0
∂θ2 |θ=0 > 0 still hold, thus E0(θ) remains minimal
at θ = 0.
Without a loss of the generality, we focus on the case
ga = gb = g. By introducing k = k0x, where k0 ≡√
2gM is a characteristic momentum, we rewrite E0(θ) =
Vk30gI( gabg , cos2 θ), where
I(
gab
g
, cos2 θ) ≡
∫
d3x
(2π)3
f
(gab
g
, cos2 θ, x
)
is dimensionless and f is also dimensionless and depends
on gab/g, cos
2 θ, and the dimensionless quantity x. Hence
E0(θ) = g
√
2M3Nα
√
ρα(cα2 )
3I(
gab
g
, cos2 θ), (15)
where
√
ρα(cα2 )
3 is analogous to the Lee-Huang-Yang pa-
rameter in dilute gas theory [24].
The behavior of E0(θ) for various values of gab/g was
numerically investigated and is shown in Fig. 2. The re-
sult indicates that E0(θ) increases with gab because of
the enhancement of spin fluctuations. The zero-point
energy plays the role of an effective potential and can
strongly influence the coherent spin dynamics. Although
the mean-field spin dynamics has already been studied
in quite a few laboratories [10, 25–28], the macroscopic
quantum spin dynamics driven by microscopic quantum
fluctuations so far has not yet been explored in exper-
iments and remains to be observed. The phenomenon
studied here provides motivation and a different venue in
which to understand fluctuation-induced dynamics.
V. FLUCTUATION-INDUCED SPIN
DYNAMICS
In the present case, the effective Hamiltonian that con-
trols the fluctuations of the spin directors is
Heff =
∑
α
cα2
2Ω
l
2
α +
cab2
Ω
la · lb + E0(θ) + E0(0). (16)
where lα ≡ ΩLα. Defining the center-of-mass quantities
l = la + lb and
n =
(cb2 − cab2 )na + (ca2 − cab2 )nb
ca2 + c
b
2 − 2cab2
,
and the relative quantities
lr =
(ca2 − cab2 )la − (cb2 − cab2 )lb
ca2 + c
b
2 − 2cab2
and nr = na − nb, we can rewrite Heff as Heff = Hc +
Hr, where
Hc = 1
2Ω
ca2c
b
2 − (cab2 )2
ca2 + c
b
2 − 2cab2
l
2 + E0(0)
0
0
1
2
3
4
5
6
7
8
9
θ
[E
0(θ
)−E
0(0
)]/g
g
ab/g=0.9
g
ab/g=0.6
pi−pi
FIG. 2. Zero-point energy E0(θ) as a function of the angle
θ between the spin directors na and nb. For simplicity, the
dimensionless quantity [E0(θ)−E0(0)]/g is shown as the ver-
tical coordinate. Note that θ is equivalent to θ+pi because of
the Z2 symmetry. Here gab ≡ cab2
√
ρaρb and gα ≡ cα2 ρα, with
cα2 =
4pih¯2∆aa
ma
, ∆aα being the difference between the triplet
and singlet scattering lengths for atoms of species α. In addi-
tion, gb = ga = g is assumed without loss of generality. The
parameter values are set as ∆aa = 0.1nm, ρa = 10
15cm−3,
mb/ma = 3.3, and Na = 10
4.
is the center-of-mass part describing a free rotor and
Hr = 12Ω(ca2 + cb2 − 2cab2 )l2r + E0(θ) is the relative part.
Note that cos θ = 1−n2r/2 andHc and Hr are decoupled.
Let us focus on the relative motion and consider small
oscillations around the minimum θ = 0. To the lowest
order, we can write nr = qxex + qyey and lr = lrxex +
lryey, with [qi, lrj] = iǫij (i, j = x, y). Then up to a
constant,
Hr =
∑
i=x,y
[
ca2 + c
b
2 − 2cab2
2Ω
l2ri +
K
2
q2i ]. (17)
where K = − ∂E0∂ cos θ |θ=0. Hence Hr describes two in-
dependent and identical harmonic oscillators, both with
frequency
ω0 ≡
√
(ca2 + c
b
2 − 2cab2 )K
Ω
=
√
(
ga
Na
+
gb
Nb
− 2 gab√
NaNb
)K.
For typical values ga ∼ gb ∼ 100 Hz (in the unit of h¯),
Na ∼ Nb ∼ 104, and gab/g = 0.6, K can be numerically
estimated as ∼ 6ga. The corresponding frequency of the
oscillation about the locked position is about 2Hz. It
can be substantially enhanced, even by a few orders of
magnitude, when an optical lattice is applied and the am-
plitude of fluctuation is tuned [13]. More investigations
are needed to address this circumstance.
5The oscillation of the spin directors results in the os-
cillation of occupation numbers in the Zeeman sublevels.
As an example, let us consider the case l = la+ lb = 0 so
that n is independent of time. Then
na = n+
ca2 − cab2
ca2 + c
b
2 − 2cab2
nr
and
nb = n− c
b
2 − cab2
ca2 + c
b
2 − 2cab2
nr.
Thus the spin states of species a and b in the Zeeman
basis state of m = ±1 are
ξa±1 =
ca2 − cab2√
2(ca2 + c
b
2 − 2cab2 )
(iqy ∓ qx)
and
ξb±1 = − c
b
2 − cab2√
2(ca2 + c
b
2 − 2cab2 )
(iqy ∓ qx),
while the spin states of species a and b in the Zeeman ba-
sis state of m = 0 are both n. Since qx and qy both oscil-
late with frequency ω0, the occupation numberNα|ξα±1|2
oscillates with frequency 2ω0. The occupation numbers
may be probed by using, say, an optical cavity [14].
VI. LOCKING IN A TRAP
Now we examine how the locking effect survives a trap-
ping potential, which is an experimental necessity. Sup-
posing that the potential has the harmonic form and the
clouds of the two species have the same size R, then we
have
ρα = Aα(R
2 − r2), (18)
where Aα is a positive constant.
The spin dynamics is determined by the Heisenberg
equations
i∂tnα(r) = [nα(r),Hs],
i∂tLα(r) = [Lα(r),Hs].
For small fluctuations, we can impose the commutation
relations
[Liα(r),n
j
β(r
′)] = iδαβǫ
ijk
n
k
α(r)δ(r − r′),
[Liα(r),L
j
β(r
′)] = iδαβǫ
ijk
L
k
α(r)δ(r − r′),
where i, j, k = x, y, z. One obtains
∂tnα = c
α
2 (nα × Lα) + cab2 (nα × Lβ),
∂tLα =
1
mα
nα ×∇ · (ρα∇nα) + cab2 Lβ × Lα, (19)
where α 6= β and ∇2√ρ terms are neglected for large
clouds. In the Thomas-Fermi approximation, the spin
structure for the ground state remains unaffected, thus
the fluctuating directors can be generally written as
na = uaxex + uayey +
√
1− u2ax − u2ayn0a
and
nb = ubxe
′
x + uby′ey +
√
1− u2bx − u2byn0b .
To first order of uαi and Lαi,
∂tuαy = c
α
2Lαx + c
ab
2 Lβx cos θ,
∂tLαx =
1
mα
∇ · (ρα∇uαy). (20)
The two eigenfrequencies are given by
ω2± =
fnl
2
[
ν2a+ν
2
b±[(ν2a−ν2b )2+4ν2abν2ba cos2 θ]1/2
]
, (21)
where fnl ≡ 2n2+2nl+3n+ l, l is the angular quantum
number, 2n is the order of a polynomial of even powers
describing the radial wave function [29], ν2a =
Aca
2
ma
, ν2b =
Bcb
2
mb
, ν2ab =
Bcab
2
mb
, and ν2ba =
Acab
2
ma
.
Therefore ω+ + ω− = (fnl)
1/2[ν2a + ν
2
b + 2(ν
2
aν
2
b −
ν2abν
2
ba cos
2 θ)1/2]1/2, which reaches its minimum at θ = 0.
Hence the locking also occurs in a trap.
Now let us address the effect of an external magnetic
field along the z direction, the presence of which breaks
the full rotational symmetry down to S1 symmetry, lead-
ing to a nonzero mean-field value of Lαz. It can be shown
that in the mean-field ground state [30], each species α
undergoes Bose-Einstein condensation with the Zeeman
basis wave function (ψα,1, 0, ψα,−1)
T , hence the ground
state only possesses spin rotation symmetry S1 × S1, as
the two spins can rotate around the z axis independently
without changing the mean-field energy. Due to the Zee-
man barrier, the low energy dynamics is dominated by
the phase fluctuations of ψα,1 and ψα,−1, while ψα,0 re-
mains zero, thus the effective Hamiltonian describes a
mixture of two pseudospin- 12 Bose gases [16]. For low
enough magnetic fields, the spin fluctuation can over-
come the Zeeman barrier and restore S2 symmetry [20],
consequently the locking persists.
VII. SUMMARY
Note that the spin directors are macroscopic collec-
tive variables of the spinor Bose gases, due to Bose-
Einstein condensation. We have shown that in our
system, microscopic quantum fluctuations dramatically
change the nature of spontaneous symmetry breaking.
Two interacting macroscopic systems undergo sponta-
neous symmetry breaking in a correlated way, and con-
sequently the two macroscopic collective variables are
locked. The symmetry-breaking states of the system are
6|Na,n〉 ⊗ |Nb,n〉, where the spin directors of the two
species are locked to be n along an arbitrary direction.
They are in contrast to states |Na,na〉⊗ |Nb,nb〉, as sug-
gested by the simple mean-field analysis, where na and
nb are arbitrary and independent of each other.
To summarize, by considering a mixture of two distinct
species of spin-1 atoms with interspecies spin exchange,
we have shown that the zero-point quantum fluctuations
lift the ground state degeneracy suggested by the mean
field theory and lead to the locking between the spin di-
rectors of the two species under the experimentally realis-
tic conditions. This is a type of quantum phenomenon in
which the microscopic quantum fluctuations fundamen-
tally control the macroscopic collective phenomenon, by
changing the very nature of symmetry breaking.
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